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ABSTRACT 
Let K be a closed spherically convex subset of S” ’ that is contained in a 
hemisphere, and r(K) the radial projection onto S”-’ of the centroid of K. Then 
prF( K) >0 for all p E.K. A specialization of this result to spherical simplices is used to 
derive a necessary condition for Q-matrices, i.e., matrices for which every correspond- 
ing linear complementarity problem has at least one solution. 
1. INTRODUCTION 
The aim of this paper is to derive a certain necessary condition for the 
matrix associated with the left-hand side of a given linear complementarity 
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problem (LCP) to be a Q-matrix, i.e. to have the property that the associated 
linear complementarity problem has a solution for every right-hand side. This 
is done in Section 4, where a counterexample is also given to show that the 
derived condition is not sufficient for n>2. 
The proof of this necessary condition uses a property of spherical sim- 
plices which can be stated without reference to the LCP setting, and is itself a 
consequence of a more general result on spherically convex sets. We begin by 
deriving this general result in Section 2, and go on to discuss the required 
special case in Section 3. Finally Section 4 contains the LCP part of the paper 
as mentioned above. 
2. A PROPERTY OF SPHERICALLY CONVEX SETS 
Let S” -’ denote the standard (n - l)-sphere in Iw ” of unit radius and 
centered at the origin, and let K be a closed subset of S”-’ that is contained 
in a hemisphere of S”-‘, i.e., there exists a hyperplane ax=0 through the 
origin such that axa 0 for all r E K. 
Given such a K, let x(K) denote the radial projection onto S”-i of the 
euclidean centroid of K (assuming homogeneous material)- this is also the 
radial projection onto S”- ’ of the euclidean centroid of the corresponding 
n-sector cone(0, K}, i.e. the cone on K with apex at the origin. 
Furthermore, we shall say that a set K as above is spherically convex if it 
does not contain pairs of antipodal points and if for each pair of points 
p, q E K the shorter are between p and 4 of the great circle defined by p and 
9 lies in K. 
THEOREM 1. Let K he spherically convex and X( K ) he us defined above. 
Then 
V~EK p’;-( K)>O. 
Proof. Let p E K and H = {x: p’x =O}, i.e. H is the equatorial hyper- 
plane having p as north pole. Suppose 3q~ K with p’q ~0, i.e. q lies in the 
southern hemisphere in Figure 1. Then the shorter arc between p and 4 of the 
great circle defined by p and 9 lies in K. Hence the reflection q’ of 9 in H lies 
in K. Thus if 
L=Kn {x: pTx<O}, 
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then the entire reflection L’ of L in H lies in K. Now clearly X( L U 15’) lies in 
H on account of symmetry, i.e. 
pTX(LUL’)=O 
Next, K -( L U L’), which (on account of the closure of K) has nonempty 
relative interior in K, lies in the open northern hemisphere, i.e. 
VXEK-(LUL’) p?r>O; 
hence prX( K - ( L U L')) > 0. Thus prf( K ) > 0. n 
3. SPECIALIZATION TO SPHERICAL SIMPLICES 
Let C be a real nonsingular nXn matrix whose columns are all of unit 
length: 
ViE{1,2 )...) n} IIC,II=l. 
Clearly the columns C, of C are points of S”- ‘, and are the vertices of the 
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following nondegenerate spherical (n - l)-simplex a(C) on St’- ‘: 
u(C)=S” l nposc, 
where pos C is the complementary cone {d : d= Cx, x> 0} of C. Furthermore, 
a(C) is a closed subset of S”-’ that is contained in a hemisphere of S”-’ and 
is spherically convex. 
For brevity we denote by X(C) the point X(u(C)) defined in Section 2. 
Note that X(C) does not coincide with the radial projection onto S”-r of the 
euclidean centroid of the (n - l>simplex spanned by the columns of C, as the 
following example in [w3 shows: If C, and C:, are taken close to the south pole 
in Figure 2, the centroid of triangle C,C,C, lies south of the equatorial plane 
(being + of the way up the triangle), while X(C) clearly lies in the northern 
hemisphere. 
Theorem 1 now immediately implies the following: 
THEOREM 2. Let C and X(C) he as defined above. Then 
ViE{1,2 )...) fa} c,qc)>o. 
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REMAFX. The above example in R3 shows that the euclidean centroid of 
the (n- l)-simplex spanned by the columns of C does not possess this 
property. 
4. APPLICATION TO THE LINEAR COMPLEMENTARITY PROBLEM 
The linear complementarity problem can be posed in the following form, 
which we shall denote by (A, B, d ): given real n X n matrices A, B, and 
dE[w”, find w, ZER” such that 
Aw+Bz=d, 
wao, Z>O, 
wTz=o. 
The composite matrix [Al B] is called a Q-matrix if the problem (A, B, d ) 
has at least one solution for each d E R”. The characterization of Q-matrices is 
an outstanding problem, though it has been partially solved; see [l], [3], [4], 
[6]. However, no “useful” characterization has been found. 
Clearly the problem (A, B, d) is trivial for d =O; hence we shall assume 
d#O. It is known [8] that [AIB] cannot be a Q-matrix if any of its columns 
vanish; and, as positive scaling clearly does not restrict the problem, we shall 
henceforth assume that 
II d II = II Ai II = II Bi I) = 1, iE{1,2 )..., n}. 
We shall now rewrite the above in a slightly different form. An nX n 
submatrix C of [Al B] is called a complementary submatrix of [ A( B] if 
ViE{1,2,..., n} Ci E {Ai, Bi}, i.e. if for each i the ith column of C is the ith 
column of either A or B. Let comp[AlB] denote the set of nonsingular 
complementary submatrices of [Al B]. Then it is clear that solving the 
problem (A, B, d) means finding a complementary submatrix C of [A J B] and 
an XE R” such that Cx=d and ~20. It also follows immediately (see Section 
3) that [A\ B] is a Q-matrix iff 
(this formulation of the problem is due to Kelly and Watson [3]; see also [5] 
and [7]). Obviously we need only consider those complementary submatrices 
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C of [A ] B] with det C# 0, as o(C) with det C= 0 does not contribute to the 
covering of SnP’. 
The central idea now is the following: it is geometrically clear that [A / B] 
can be a Q-matrix only if the spherical ( n ~ 1)simplices a(C), CE comp[ A ) B 1, 
and hence the points X(C) (see Section 3) are sufficiently well distributed on 
S” I. As a measure of this we shall check whether the origin 0 E Iw ’ lies in the 
interior of the set X[A] B]= conv{x(C): CEcomp[A]B]}. 
THEOREM 3. Forn=2, [AIB] isa Q-matrixiffOEintX[AIBl. 
Proof. Necessity: Suppose [A] B] is a Q-matrix, and assume that 065 
intX[A]B]. Then X[A]B] must lie within a half disk in Figure 3, say the 
southern half. As [A 1 B] is a Q-matrix, there exists CE comp[ A I B] such that 
the north pole N is contained in a(C). The midpoint of the short arc C,C, is 
X(C), and it clearly lies in the northern half of the circle, which is impossible. 
Sufficiency: Suppose OEint X[A( B], and assume that [ AJ B] is not a 
Q-matrix. Then there is an uncovered arc on S’ whose endpoints can without 
loss of generality be taken to be the columns A, and B,. It follows im- 
mediately that A, and B, can only lie on the short arc ( -A,)( -B, ) as 
otherwise the arc A,B, would not remain uncovered. Drawing the equator 
symmetrically as shown in Figure 4, it then follows that the centroids of the 
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four arcs A,A,, A,B,, B,A,, B,B, all lie in the southern half of the circle, 
implying 0 @ int X [ A 1 B], which is impossible. n 
While this result is interesting within the context considered here, it is not 
of great interest generally as there are already good finite numerical tests for 
whether a 2 X 2 matrix is a Qmatrix. In the general case the above criterion is 
only necessary: 
THEOREM 4. Zf[A]B] is a Q-matrix, then OEint X[A]Z?]. For n>3 the 
converse is false. 
Proof. The proof of the first part is a generalization of the necessity 
proof of Theorem 3. Assume 0 @int X [ A ( B]. Then there exists a hyperplane 
H separating 0 and X[ A 1 B]. Write H= {x: d Tx=O}, where d is such that 
Ildll=l, dTy<O for all yEX[A[B], i.e. dES’“-’ and H strictly separates d 
and X[A]B]. As [AIB] is a Q-matrix, there exists C~comp[A] B] such that 
d E a( C ). We shall show that d%(C) > 0 which is a contradiction. 
As d is a nonnegative linear combination of C,, C,, . . . , C,, it is sufficient to 
show that C,r%(C)>O for all i. This is established by Theorem 2. In order to 
prove the second part of the theorem, we consider the following 
Counterexample: It is clear that the property 0 Eint X[ A ) B] is not 
violated by slight perturbation of the columns of [A] B]. This means that if 
there exists a p-matrix [A 1 B] h aving an arbitrarily small perturbation [A ) f?] 
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which is not a Q-matrix, then the property 0 E int X [ A 1 B] cannot be suffi- 
cient for [A ( B] to be a Q-matrix. The existence of such a Q-matrix has been 
discovered by Watson [9]. Let [A 1 B] = [ I j -Ml, where 
This matrix [A 1 B] can be shown to be a Q-matrix, whereas for E>O the 
matrix [AIB]=[Z(-M(e)], where 
is not a Q-matrix, since the problem (I, -M(E), q(e)) has no solution for 
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